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§1. Topics and Methods in the Theory of Curyes and Surfaces

In a school course, geometry involves only the Simplest curves: sira;
lines, broken lines, and circumferences and arcs of circles: ar; q :B;:t
surfaces, merely planes, surfaces of polyhedra, Sphcres.,cones am;
cylinders. In more extended courses other curves are considered, ém:ﬂy
the conic sections: ellipses, parabolas, and hyperbolas. But the study of
an arbitrary curve or surface is completely alien to elementary geometry,
At first sight it is even unclear how any general properties could be
selected for investigation when we are s

peaking of arbitrary curves
and surfaces. Yet such an investigation is completely natural and
necessary.

In every kind of practical activity and experience of nature, we con-
stantly encounter curves and surfaces of widely different forms. The path
of a planet in space, of a ship at sea, or of a projectile in the air, the
track of a chisel on metal, of a wheel on the road, of a pen on the tape
of a recording device, the shape of a camshaft governing the valves of 2
motor, the contours of an artistic design, the form of a dangling '°I;:;
the shape of a spiral spring coiled for some specific purpose, 5“‘{'1':"[:;’“" e
&r¢ endless. The surfaces of various objects, thin shells, df’an endless
framework of an airplane, casings, sheetlike materials, provnls o gt
diversity of surfaces. Methods for the processing omf’c‘:'-"!h; rigidity or
Properties of various objects, the streamlining of realtu;'ts depend to &

formability of thin shells, these and many otfh::s of objects.

¢ EXtent on the geometric form of the 5“:1 ‘s not 4 mathematice
Course, the gouge left by a chisel on me
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tern, even with thin walls, is not a Mmathematiey)
sufy,

curve. A cis ! A iy .
But to a first approximation, which is sufficient for the Study orJ T

questions, actual objects may be represented mathematica]jy by 1*
and surfaces. ) T

In introducing the concept of a mathematical curve, we disregarg
the reasons why we cannot decrease the thickness withoy, Hm;.df‘
means of this abstract concept, we succeed in representing thyg i'" _
pletely concrete) properties of an object that are preseryeq w-a
thickness and breadth are decreased in comparison with its jengy

Similarly, if we disregard the limitations on our ability 1o gy,
the thickness of a shell or to determine precisely the actya] boundary,
of a given object, we are led to the concept of a mathematics] Surfas
We will not give a rigorous description of these well-known mm
but will only remark that the exact mathematical definitions ap ;ﬂ
simple and belong to topology.

Finally, an important source of interest in various curves and surfacs
has been the development of mathematical analysis. It is sufficient 1y
remember, for example, that a curve is the geometric representation of
a function, which is the most important concept of analysis. Moreowr,
every one jis familiar with graphs quite apart from any study of analysis

In elementary geometry as created by the ancient Greeks, there was
nothing about arbitrary curves or surfaces, but even in elementary analytc
geometry we are accustomed to say ‘‘every curve is represented by o
equation™ or “every equation in the two variables x and y repreens
a curve in the coordinate plane.” Similarly the coordinates of surfi
are given by the equations z — f(x, y) or F(x, y,z) =0, and in generd
the_coordinate method, by establishing a close connection Betse!
elementary geometry and analysis, enables us to define many diffee
curves and surfaces.

But analytic geometry, being restricted to the methods of algeb® and

elem_enlary geometry, goes no further than the investigation of C:Fa.:r;
specific types of figures. The study of arbitrary curves and U7
differeniis

fepresents a new branch of mathematics, known 85
geometry. .
It must be admitted at once that differential geometry imposes o ’[
curves and surfaces certain conditions arising from the '“_"ho‘.jsv o
:'h“a‘Y"& However, this is not an essential limitation on the Ad""“;’g.
th:y“:::wable curves and surfaces, since in the great majong,;dt
of Lrore capable of representing actual objects with the neces indicati”
of ?}:"c"“o"- The name “differential geometry" itself gives an-.t| caleul®
and : mt‘fthOd.s o,r the theory; its basic tool is the dif.r“en“d an®’
't Primarily investigates the “‘differential” propertics ©
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i.e., their properties “at a point.”* Thus, the direction of
.t a point is determined by it; tangent at that point and the
4 curve @ which it twists is described by its curvature (the exact definition
amount by will be given below). Differential geometry investigates the
of ‘:e‘;::srr;f small segments of curves and surfaces and only in its later
pro

lo ments : .
?erv:e "pie in their entire extent.
arge,” 1€

The development of differential geometry is inseparably connected
ith the development of analysis. The basic operations of analysis,
- cly differentiation and integration, have a direct geometric meaning.
:i’:'az mentioned in Chapter II, differentiating a function f{x) corresponds

to drawing a tangent to the curve
y = fx).

The slope of the tangent line (i.e.,
the trigonometric tangent of the
angle it makes with the axis Ox) is
precisely the derivative f'(x) of the
function f(x) at the corresponding
point (figure 1), and the area “under
the curve”

i 4

Y =Sx) Fic. 1.
is precisely the integral [*f{x) dx of

thl-‘i_fuﬂclf'cm, evaluated between the corresponding limits. Just as in analysis
:‘bf""csilgate arbitrary functions, so in differential geometry we examine
itrary curves and surfaces. In analysis, the first object of study is the
5:::;?3]:0““" ofa curve on a plane, its rise and fall, its greater or smaller
forth, Tlt:é :;‘e direction of its convexity, its points of inflection, and so
by the name °:° connection berwlj'een anal_ysis and the curves is indicafed
"Hépital jn Ioﬁgtsh-e ‘f‘:lrst textbook in analysis, by the French mathematician
By the middye . Infinitesimal analysis aPplied to the sl-:udy of curves.”
ad been sy ¢ of the 18th century, the differential and integral calculus
and Leibnpity l‘;‘lcmly developed by the immediate successors of Newton
Beometry, | i t}.‘e Way was open for more profound applications to
Y. Indeed, it s only from this moment that one may properly

_—_

* The T
only on T:T:;!“ Of curves and surfaces “at a point” are those properties that depend |
defineq i, lem-.s"mmy small neighborhood of the point. Properties of this sort are
Sauation, o 1n* gr the derivatives (at the given point) of the functions occurring in the
theditions g, g V€ OF surface. It is for this reason that differential geometry imposes
® Surve o . r" €eing that the differential calculus is applicable; it is required that
riace be defined by functions with a sufficient number of derivatives.

does it proceed to the study of their properties “in the! ¢

A
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speak of a theory of curves and surfaces. For surfaces, and for
in space, the analogous problems are immeasurably richer in i
than for plane curves, so that with the passage of time these c‘:,ﬂtenz
outgrew the framework of a simple application of analysis to :3 lems
and led to the formation of an independent theory. During the -
half of the 18th century, many mathematicians shared in bm’l':l'j:co ™
the elements of this theory: Clairaut, Euler, Monge, and others u:.,:p
A " g
whom Euler must be considered as the founder of the general theory
of surfaces. The first comprehensive work on curves and surfaces wy,
_sthe book of Monge “Application of analysis to geometry,” published in
'1795.* From the investigations of these mathematicians, and, in particular
from the book of Monge, we can ecasily understand the upsurge of inum{
in differential geometry. This upsurge was due to the demands of me-
chanics, physics, and astronomy, i.e., in the final analysis to the needs
of technology and industry, for which the available results of elementary
geometry were completely insufficient.

The classical work of Gauss (1777-1855) in the theory of surfaces is
also related to practical questions. His *'General investigations concerning
curved surfaces,” published in 1827, is basic for the differential geometry
of surfaces as an independent branch of mathematics. His general methods
and problems, discussed later in §4, originated to a great degree in the
practical needs of map making. The problem of cartography consists of
finding as exact a representation as possible of parts of the surface of
the earth on a plane. A completely exact representation here is impossible,
the mutual relations of various lengths being necessarily distorted because
of the curvature of the earth. Thus one has the problem of finding the
most nearly exact methods possible. The drawing of maps goes back 1o
remote antiquity, but the creation of a general theory is an achievement
of recent times and would not have been possible without the general
theory of surfaces and the general methods of mathematical analysis.
We note that one of the difficult mathematical problems of cartography
was investigated by P. L. CebySev (1821-1894), who obtained important
results relating to nets of curved lines on surfaces, His investigations also
arose from purely practical problems.

The general questions of deforming one surface so that it can be mapped
on another still constitute one of the main branches of geometry. Important
results in this direction were obtained in 1838 by F. Minding (1806-1885.
professor at the University of Dorpat (now Tartu).

* Gaspard Monge (1746-1828) was not only an outstanding scientist but also &7
active French revolutionary (minister of naval affairs, and then director of the m:
facture of cannon and powder). He followed the path, characteristic of the Free
bourgeois of the time, from Jacobin to adherent of the emperor Napoleon.
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By the second half ol_’ the ]?5(. century, the theory of curves and surfaces
was already well established in its basic features, provided we are speaking
of “classical differential geometry” in contrast with the newer directions
discussed later in §5. The basic equations in the theory of curves, namely
the so-called Frenet formulas, had already been obtained, and in 1853
K. M. Peterson (1828-1881), a student of Minding's at Tartu University
discovered and investigated in his dissertation the basic equations of xh;
theory of surfaces, rediscovered 15 years later and published by the
Italian mathematician Codazzi, with whose name these equations are
usually associated. Peterson, after graduating from the university at
Tartu, lived and worked in Moscow, as a teacher in a gymnasium
Though he never held any academic position corresponding 1o his
outstanding scientific achievements, he was nevertheless one of the
founders of the Moscow Mathematical Society and of the journal
**Matemati&eskil Sbornik,” published in Moscow from 1866 up to the
present day. The Moscow school of differential geometry begins with
Peterson.

The results to date of the *‘classical” differential geometry were sum-

marized by the French geometer Darboux in his four-volume “‘Lectures | :

on the general theory of surfaces,”” issued from 1887 to 1896. In the
present century classical differential geometry continues to be studied
but the center of interest in curves and surfaces has largely shifted to
new directions in which the class of figures under study h

more widely extended. ¥ has been even

§2. The Theory of Curves

Various methods of defining curves in diff,
analysis and analytic geometry we are accusto, erential I-tolhgm' Frpm
curves by means of equations. In a rectangular coordi of defining
plane, a curve may be given either by the equation nate system on the

y = fix),
or by the more general equation
F(x,y) = 0.

However, this method of definition is suitabl]

. ” p . e only fo

ie., a line in the plane. We also require a method ):)f \:ri‘:j&hcqm c::_rve.
uations

of space curves not lying in any pl
. plane. An exa;
may be seen in the helix (figure 2). mple of such a curve
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Since the rotation is uniform, the angle ¢ is proportional to time; that is,

For the purposes of differential geometry, and for many other question, 4 1. where w is the angular velocity of the rotation. In this manner
= wl, -

as well, it is most convenient 10 repre.

sent a curve as the trace of a contin we gt i
. . o = - -
motion of a point. Of course, the Zives Foaeme A =
curve may have originated in some So these are the equations of the helix, which as ¢ changes will be traced
entirely different way, but we can alway, out by the moving point.

thinl': ol'lit as the path of a poin Of course the variable 7 or, as it is usually called, the parameter, need
"‘DI:"' along it. not be thought of as representing the time. Also, the given parameter 1
t us assume that we have a fixed may be replaced by another; for example we may introduce a parameter u

Coesancoorinute ytem o £ o1 . or i e by | T I gromey e
3 " natural choice of parameter is the length 5 of the arc of the curve measured
from‘mne t=ato r=_b,thcnu|¢ . from some fixed point A4 on it. Every possible value of the length s
c?ordmnes of this moving point are represents a corresponding arc AX. Thus the position of X is fully
given by the functions of the time 2 " determined by the value of 5 and the coordinates of the point X are given

x.(!). A1), and z(r); the flight of an

airplane or a projectile are examples. / by the functions of arc length s

FiG. 2. Conversely, if we are initially given x = x(s), y= W), z= z(s).
the functions x(r), y(1), and z(r), we £ )
may let them define the coordinates of a moving point X, which traces All these ways of defining curves, as well as other possibie ones,! open
out some curve. Consequently, curves in space may be given by three up the possibility of ical comp i Ogly whm curves have
equations of the form | been defined by equations can their properties be investigated by mathe-
| matical analysis.

x = x1), y=0, z=2z(0). E In the differential geometry of plane curves, there arc three basic

i i ! concepts: len tangent, and curvature. For space curves, there are in

In the same way a plane curve is defined by two equations | addition mﬁ%gmw. We now proceed to explain

x = x(1), y = 1) the meaning and significance of these concepts.
is i ost general manner of defining curves. Length. Everyonehuinmindannumiduofvhni't‘wby
Th:sua;h‘e:mph”we consider the hﬂlil.nl‘l is produced by the spiral length, but this idea must be converted into an exact definition of the
motion of a point that revolves uniformly around a straight line, the axis length of a lﬂllhcwa}lllﬂlbmwe, a definition with a :p:r:ﬁc num;:hl
of the helix, and at the same time moves uniformly in a direction parallel ch“:‘-'“‘e_:;d‘”dh;ch Ao le ulut;eomww u:f length of a ﬂr::
to this axis. Let us take the axis of the helix as the axis Oz and suppose | RYERS gree Of accuracy consequently to argue about lengths
that at time r — O the point lies on the axis Ox. We now wish to find in a rigorous way. T'he same remarks apply to all mathematical concepts.
how its coordinates depend on the time. If the .motion parallel to the | The transition from vu'nformal ideas to exact measurements and deﬁnmom
axis Oz has velocity ¢, then obviously the distance travelled in this direction | represents the transition from a prescientific understanding of objects to
i thonc's walibe " Here, sticly speaking, it is necessary that the funciion / be monoton.
z = clL f A curve in space may also be given as the intersection of two surfaces, defined
| by the equ.nion:: Flx, ¥ ’_{’" 0, Glx,y,2) = 0, i.e., the curve is given by this pair of
Also, if ¢ is the angle of rotation around the axis Oz and a is the distance 9 In ns @ curve is most frequently given by a variable

from the int to this axis, then, as can n in re 2, vector, i.c., the position of the point X of the curve is defined by the vector r = OX,
e po be seen in figu extending from the origin 1o this point. As the vector r changes, its end point X moves
along the given curve (figure 3).

x = acos¢, y = asing.
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a scientific theory. The need for a precise definition of length argge in
the final analysis from the requirements of technology and the natura|
sciences, whose development demanded investigation of the properties of
lengths, areas, and other geometric entities.

7\

Fio. 3. Fic. 4.

A simple and most useful definition of length is the following: The
length of a curve is the limit of the length of broken lines inscribed in
the curve under the condition that their vertices cluster closer and closer
together on the curve. '

This definition arises naturally from our everyday methods of measuring.
On the curve we take a sequence of points A, , 4, , Ay, - - - (figure 4)
and measure the distances between them. The sum of these distances
(which is the length of the broken line) expresses approximately the
length of the curve. In order to define the length more exactly, it is natural
to take the points A closer together, so that the broken line follows
the twists of the curve more closely. Finally, the exact value of the length
is defined as the limit of these approximations as the points A are chosen
arbitrarily close together.* Thus the earlier definition of length is a

generalization, based on taking finer and finer steps, of a completely
practical manner of measuring length.

From this definition of length, it is easy to derive a formula for com-
puting lengths when the curve is given analytically. We note, however,
that mathematical formulas are useful for more than just computation.

* The existence of the indicated limit, i.e., the length of the curve, is not initially
clear, even for curves lying in a bounded domain, If the curve is very twisted, its length
may be very great, and it is possible mathematically to construct a plane curve which
is 30 “twisted” that none of its arcs has a finite length since the lengths of broken lines
inscribed in it increase beyond all bounds.

rHE THEORY OF CURVES
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are a brief sta!fme’“ of. 1.heorum that establish connections

Ii';:rﬁ“‘ mathematical entities. The theoretical significance ::t‘s::
connections may far %
ceed the computational
value of the formula. For
mplc! the impomnu
of the Pythagorean theo-
rem, ,xpmsed by the A,
formula

¢t =a'+ b,

is not confined to the
computation  of the
square of the hypotenuse
¢ but lies chiefly in the
fact that it expresses a
relation among the sides of a right triangle.

Let us now introduce a formula for the length of a plane curve, given
in Cartesian coordinates by the equation y = f{x), assuming that the
function f(x) has a first derivative.

We inscribe a broken line in the curve (figure 5). Let A, , A,., be two
of its adjacent vertices with coordinates x, , y, and x,., , Yas1 - The line
segment A,A,,, is the hypotenuse of a right triangle the legs of which
are equal to

Ay

'
J e
R L5

FTTTTTR

Fads

L ey x

3

AX., = ‘xnﬂ_x- |y dy- = U’nﬂ_“y- l-

Thus, by the Pythagorean theorem,

Ay, |}
ApAn = V(Ax) + (dy,) = \jl + (_A{_‘_) ax, .

It is easy to see that if the straight line drawn through the points A,
and A,,, is translated parallel to itself, then at the instant when .lhe line
leaves the curve it will assume the position of a tangent to this curve
at some point B, i.c., on the arc of the curve A,An. . there is at least W
one point at which the tangent has the same direction as the chord M
AyA,,, . (This obvious conclusion can easily be given & ngorous proof.) 4.

Thus we may replace the ratio dy,/4x, by the slope of the tangent
A B, ie., by the derivative y'(£,), where £, is the abscissa of the point 8.
Now the length of one link of the broken lin¢ 1s expressed by

AgAna = V1 + )"'(Eu) Ax,.
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The entire length of the broken line is the sum of the lengths of its pieces
Denoting the addition by the symbol X, we have '

S, = E \/m—'mdx,.

To obtain the length of the curve, we must pass to the limit under
the condition that the greatest of the values dx, tends to zero,

s = lim 3 VI + yE) dx.

But this limit is exactly the integral defined in Chapter 1I, namely the
integral of the function /14 y™*. Thus the length of a plane curve is

expressed by the formula
o= [ Vityias, M

where the limits of integration a and b are the values of x at the ends
of the arc of the curve.

The corresponding, but somewhat different, formula for the length of
a space curve is derived in basically the same way.

The actual computation of a length by means of these formulas is,
of course, not always simple. Thus the calculation of the circumference
of a circle from formula (1) is rather complicated. However, as we have
said, the interest of formulas is not confined to computation; in particular,
formula (1) is also important for investigating the general properties of
Jength, its relations with other concepts, and so forth. We will have an
opportunity to make use of formula (1) in Chapter VIIL.

Tangent. The tangent to a plane curve was already considered in
Chapter I1. Its meaning for a space curve is completely analogous. In
order to define the tangent at a point A, we choose a point X on the
curve, distinct from A, and consider the secant AX. Then we allow X to
approach A along the curve. If the secant AX converges to some limiting

«. » >pesifion, then the straight line in this limiting position is called the tangent

at the point 4.*
If we distinguish between the initial point and the end point of the
curve and thereby establish an order in which the points of the curve

* The limiting position of the secant may not exist, as can be seen from the example
in ﬁs:cuhn 13, Chu:rtealll. The c;rve represented by y = x sin I/x oscillates near zero
in a way that the secant OA, as A approaches 0, illates between
the straight lines OM and OL. ComAnLly oackla

§2. THE THEORY OF CURVES o

are traversed, then we may say which of the points 4 and X comes first
and which comes second. (For example, if a train travels from Moscow
to Viadivostok, then Omsk obviously precedes Irkutsk.) So we may
define a direction along the secant from the first point to the second.
The limit of such “directed secants” gives us a “‘directed tangent." In
figure 6, the arrow shows the direction in which the point 4 is passed
through. For the motion of a point along the curve, the velocity at each
instant is directed along the tangent 1o the curve.

Fia. 6. Fia. 7.

The tangent has an important geometric property: Near the point of
tangency the curve departs less, in a well-defined sense, from this straight
line than from any other. In other words, the distance from the points
of the curve to the tangent is very small in comparison with their distance
to the point of tangency. More precisely, the ratio XX'/AX (figure 7)
tends to zero as X approaches 4.* So a small segment of the curve may
be replaced by a corresponding segment of the tangent with an error
that is small in comparison with length of the segment. This procedure
often allows us to simplify proofs, since in a passage to the limit it gives
completely exact results.

It is interesting to observe that for a curve which is not a straight line,
i.e., does not have a direction in the elementary sense, we have been
able, by associating it with a straight line, to define its direction at each
point. Thus the concept of direction has been extended; it has been given
a meaning which it did not previously have. This new concept of direction
reflects the actual nature of motion along a curve; at each instant the
point is moving in some definite direction, which changes continuously.

* This result follows immediately from the definition of the tangent itself. Evidently,
as is shown in figure 7, XX'/AX = sin a, where a is the angle between the tangent and
the secant AX. Thus, as a — 0, XX'/AX also tends to zero.
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Curvature. To be able to judge by eye whether a path, a thin rod,
or a line in a drawing is more or
less curved it is not necessary to
be a mathematician. But for even
the simplest problems of me-
chanics, a casual glance is not
sufficient; we need an exact quan-
titative description of the curva-
ture. This is obtained by giving
precise expression 1o our intuitive
impression of the curvature as
the rapidity of change of direction

of the curve.
I.e!AbeapointonthecumandanoimnmA(ﬁgumS).Tbe
mgkbﬂmntheunpnunttbacpoinlscxpruthWmuchthem
has changed direction in the segment from A to M. thusdepouthu
angle by é. The average rate of change of direction (more precisely, the
average change per unit length of path along the segment AM of length ds)
will obviously be 4/4s. Then the curvature, namely the rate of change
of direction of the curve at the point A itself, is naturally defined as the
limit of the ratio é/ds as M — A; in other words, as ds — 0. Thus the

curvature js defined by the formula
L)

k= lm

As a particular example, let us consider the curvature of the circum-
ference of a circle (figure 9).
Obviously, the angle ¢ between
the radii OA4 and OM is equal
to the angle ¢ between the
tangents at the points 4 and M, M ——————
since the tangents are perpen- 3,'
dicular to the radii. The arc k>
AM, subtending the angle ¢,
has length ds = ér, so that

¢
4s

A

1
=

_ Fia. 9.
This means that the ratio ¢/ds

Is constant, so that the curvature of the circumference of a circle, as the

§2. THE THEORY OF CURVES .

;miting value of this ratio, is equal at all points to the reciprocal of the

radius.*
Let us derive the formula for the curvature of a plane curve given by
the equation y = f{x). As the initial point for arc length we take a fixed

point N (figure 10). The angle ¢ between the tangents at the points A

Fia. 10.

and M is obviously equal to the difference in the angle of inclination of
the tangents at A to M.
¢ =|dal|.

Since the angle a may decrease, we take the absolute value | da |.
We are interested in the value

| da|
.8 1 da| . Aax |a’|
b= im g =g = m -
dx

The length of the arc of the curve NA is expressed by the integral

$ = r\/l + ytdx,
so that

s = V1 4y

* We note that in general the concept of the curvature of a curve at a point may be
defined by comparing the curve with the circumference of a certain circle, which plays
the role of a model or standard for the curvature. For in fact, the curvature of the
given curve proves 10 be equal to the reciprocal of the radius of the (unique) circle
which fits the curve most closely in the neighborhood of the point. ~
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It remains to find . We know that tan a = '} thus a = arctan '
Differentiating this last equation with respect 10 x, we get

ﬂl = __l_v'
14y

Thus, finally
a'l 1yl
s (4T v

The corresponding formulas for other methods of representing plane and
space curves are given in the usual courses in analysis or differential
geometry.

This formula allows us to give another

N geometric interpretation of curvature, which

’g is useful in many questions. Namely, the

curvature of a curve at a point is given by
the formula

‘ . 2h
ko= lim =,

Fic. 11.

where h is the distance of a second point on the curve to the tangent
at the given point and /is the length of the segment of the tangent between
the point of tangency and the projection on the tangent of the other
point on the curve (figure 11).

To prove this we choose a rectangular coordinate system such that
the origin falls at the given point of the curve and the axis Ox is tangent
1o the curve at this point (figure 11). (For simplicity we assume that the
curve is plane.) Then ' = 0 and k = |y"|. Expanding the function
y = flx) by Taylor's formula, we get y = §y"x* + ex* (where we have
taken into account that y' = 0). Here « — 0 as x — 0. Hence it follows

that k = [ )" | = lim,_, 2 | y |/x% and thus, since |y | = h, x* = [} we
have
. 2h
k = lIIIr.}«F.

This formula shows that the curvature describes the rate at which the
curve leaves the tangent.

Let us now turn to some very important applications of curvature 10
problems of mechanics.

First we consider the following problem. Let a flexible string be
stretched over a support (figure 12) in such a way that the string remains

§2. THE THEORY OF CURVES )

in one planc. We wish 10 find the pressure of the string on the support
at every point, or to be more exact, to define the limit

P
p=lm=, @)

where P is the magnitude of the force P acting on the support along
a piece of length ds containing the given point. We assume for simplicity
that the magnitude T of the tension T is the same at all points of the
string.

Fio. 12.

Now consider the point A4 and a segment of the string AB.* On this
segment AB of length ds, in addition to the reaction of the support,
only two external forces are acting, namely the tensions at the ends,
which are equal in magnitude and are directed along the tangents at the
ends of the segment. Thus the force P exerted by the string on the support
is equal to the geometric sum of the tensions at the ends. As can be
seen from figure 12, the vector P is the base AD of the iscosceles triangle

,CAD. The two equal sides of this triangle have length T and the angle

at the vertex C is equal to the change of direction of the tangent in passing
from A4 to B.

With decreasing ds the angle ¢ decreases and the angle between P
and the tangent at the point A approaches a right angle. Thus the pressure
is perpendicular to the tangent.

To find the magnitude of the pressure, we make use of the fact that
a small arc of the circumference has approximately the same length as

T ————
* It would be more natural to choose a segment with the point 4 in its interior;
mm:dnol change the result but would make the computation somewhat more
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the chord subtending it. Thus we replace the length of the chord 4D,
i.e., the magnitude P, by the length T¢ of the arc AD. Then by formula (2)
we get

¢

P . T _
PEinEy T iRa T TN ™

Hence the pressure at each point is equal to the product of the curvature
and the tension on the string and is exerted perpendicularly to the tangent
at this point.

Consider a second problem. Let a mathematical point (ie., a very
small body) move along a plane curve with a velocity of constant mag-
nitude v. What is its acceleration at a given point A ? By definition, the
acceleration is equal to the limit of the ratio of the change in velocity
(during the time 4¢) to the increment A1 of the time. The velocity involv;s
not only magnitude but also direction, i.c., we consider the chx.nge in
the velocity vector, Therefore the mathematical problem of finding the
magnitude of the acceleration consists of finding the limit

w = lim | ot +j:) - v(r)l‘

where p(1) is the velocity at the point A itself, and | o(r + .dr) — (1) s
the length of the vector difference of the velocities. The limit which
concerns us may also be represented as

| —o() + ot + 40| ds
5

ats0 At '

L) y,

vit+Ar)

Fig. 13.

P
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where ds is the length of the arc AB traversed during time 4. Turning
to figure 13 and noting that the velocity at each point is directed along
the tangent while remaining constant in magnitude, we see geometrically
that finding the sum — o(t) + o(r + 4¢) is identical with finding the
vector P in the preceding problem. So we may avail ourselves of the
result there and, replacing tension by velocity, write

lim L0 4ot A0 |
400 ds

vk,

Moreover, lim,, ,ds/dt = v. So we have the final result that the
acceleration of a body in uniform motion along the curve is equal to
the product of the curvature and the square of the velocity

vk &

and is directed along the normal to the curve, i.e., along a straight line
perpendicular to the tangent.

Our recourse here 1o a geometric analogy, enabling us to use the
solution of the problem of the pressure exerted by a string in order to
solve a problem of the acceleration of a particle, shows once again how
useful it is to make an abstraction from the particular concrete properties
of a phenomenon to corresponding mathematical concepts and results;
for we can then make use of these results in the most varied situations.

We also note that the curvature, which from a mechanical point of
view reflects the change in the direction of motion, is seen to be closely
connected with the forces causing this change. The equation which
expresses this connection is easily derived if we multiply equation (3)
by the mass m of the moving point. We have

Fy = mw = v'mk,

Here F, is the magnitude of the normal component of the force acting
on the point,

Osculating plane. Although a space curve does not lie in one plane,
still with each point A of the curve it is possible, as a rule, to associate
aplane P which in the neighborhood of this point lies closer to the curve
than any other plane. This plane is called the osculating plane of the
curve at (he poinl. T

Naturally the osculating plane, as the plane closest to the given curve,
Passes through the point A and contains the tangent T to the curve.
But there are many planes containing the point A and the straight line T.
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In order to choose from among them the one plane that least deviates
from the curve, we investigate the deviation of the curve from the tangent.
For this purpose let us see how the curve runs along the tangent T:
in other words, let us project our curve onto the normal plane @, which
is perpendicular to T at the point 4
(figure 14). The projection on the
plane Q of a segment of our curve
containing 4 forms a new curve,
indicated in figure 14 by a dotted
line. Usually it has a cusp at the
point A. If the curve so obtained
has a tangent N at the point A, then
the plane P determined by T and ¥
will naturally be closest to the
original curve in the neighborhood
of the point A, i.e., it will be the
osculating plane at the point A. It may be shown that when the functions
defining the original curve have second derivatives and the curvature of
the curve at the point A is not zero, then the osculating plane necessarily

§2. THE THEORY OF CURVES 7

Torsion. From point to point along a curve the position of the
osculating plane will probably change. Just as the rate of change of
direction of the tangent characterized the curvature, so the rate of change
of direction of the osculating plane characterizes a new quantity, the
torsion of the curve. Here, as in the case of curvature, the rate is taken
with respect to arc length; that is, if ¢ is the angle between the osculating
planes at a fixed point A and at a nearby point X, and if 4s is the length
of the arc AX, then the torsion = at the point A is defined as the limit*

v

-5 v
The sign of the torsion depends on the side of the curve toward which
the osculating plane turns as it moves along the curve.

We may imagine the osculating curve as the blade of a fan with the
two lines, the tangent and the principal normal, drawn on it. At each
moment the tangent is turning in the direction of the normal at a rate
determined by the curvature, while the osculating plane rotates around
the tangent with a speed and direction determined by the torsion. |

The simplest results of the theory of differential equations may be used

exists, and its equation may be expressed very simply in terms of the o prove a fundamental theorem that states, roughly speaking, that two ©

first and second derivatives of the functions defining the

We saw earlier that the properties of the tangent allow us to consider
a small segment of a plane curve as though it were straight, thereby
making an error which is small in comparison with the length of the
segment; similarly the properties of the osculating plane allow us to
consider a small segment of a space curve as though it were a plane
curve, namely its projection on the osculating plane, and here the error
will be small in comparison with the square of the length of the segment
of the curve.

There are many straight lines in space that are perpendicular to the
tangent; they form the normal plane at the given point of the curve.
Among these straight lines there is one, the line N, which lies in the
osculating plane. This line is called the principal normal to the curve.
Usually we also fix a direction for it, namely the direction of the con-
cavity of the projection of the curve on the osculating plane. The principal
normal plays the same role for a space curve as the ordinary (unique)
normal for a plane curve. In particular, if a thin string under tension T
is stretched in the form of a space curve over a support, then the pressure
of the string on the support has at each point the magnitude Tk and is
directed along the principal normal. If a material point is moving along
a space curve with a velocity of constant magnitude v, then its acceleration
is equal to kv* and is directed along the principal normal.

curve, (Wi s

8
4

-

‘)
/

curves with the same curvature and the same torsion are identical with |
each other. Let us make this idea clearer. If we move along the curve
to various distances A from our initial point, we will arrive at points
where the curvature k and the torsion r will have various values, depending
on 5. Thus k(s) and (s) will be certain well-defined functions of the arc
length s.

The theorem in question states that if two curves have identical
curvature and torsion as functions of arc length, then the curves are
identical (i.c., one of them may be rigidly moved so as to coincide with
the other). In this manner curvature and torsion as functions of arc
length define a curve completely except for its position in space; they
describe all the properties of the curve by stating the relationship between
its length, its curvature, and its torsion. In this way the three concepts
constitute a sort of ultimate basis for questions concerning curves. With

their help we can also express the simplest concepts in the theory of
surfaces, to which we now turn.

* 1t may be shown that a helix has the same torsion at all its points and consequently

_,Anlhll we may define the torsion of a curve by comparing the curve with the (unique)

helix which best approximates the curve in the neighborhood of the given point. The
torsion also characterizes the way in which a given space curve differs from a plane
curve, With a certain analogy to curvature, it characterizes the rate at which the curve
leaves ils osculating plane.
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Of course, the theory of curves has not been exhausted by our Presen
remarks. There are many other concepts relating to curves: special types
of curves, families of curves, the position of curves on surfaces, questions
of the form of a curve as a whole, etc. These questions and the methods
of answering them are connected with almost every branch of mathe-
matics. The range of problems that may be solved by the theory of
curves is extremely rich and varied.

§3. Basic Concepts in the Theory of Surfaces
The basic methods of defining a surface. If we wish to study surfaces
by means of analysis we must, of course, define them analytically. The
simplest way is by an equation
z = flx,y),

in which x, y, and z are Cartesian coordinates of a point lying on the
surface. Here the function f{x, y) need not necessarily be defined for all
x, y; its domain may have various shapes. Thus, the surface illustrated
in figure 15 is given by the function f{x, y) defined inside an annulus.
Examples of surfaces given by equations of the form z = f(x, y) are #50
familiar from analytic geometry. We know, for example, that the equation
z= Ax + By + C represents a plane, and z = x? + y*a paraboloid C_if
revolution (figure 16). For the application of differential calculus it is
necessary that the function f(x, y) have first, second, and sometimes even
higher derivatives. A surface given by such

an equation is called regu/ar. Geometrically s
this means (though not quite precisely) that

Fic. 15, Fic. 16.
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the surface curves continuously without breaks or other singularities.
Surfaces that do not have this property, for example, those with cusps,
breaks, or other singularities, require a new kind of investigation (cf. §5).

However, not every surface, even without singularities, can be entirely
represented by an equation of the form z = f(x, y). If every pair of
values of x, y in the domain of f(x, ) gives a completely determined :,
then every straight line parallel to the axis Oz must intersect the surface
at no more than one point (figure 17). Even such simple surfaces as

i

x Fic. 17.

spheres or cylinders cannot be represented in the large by an equation
of the form z = f{x, y). In these cases the surface is defined in some
other manner, for example by an equation of the form Fx,y, z) = 0.
Thus a sphere of radius R with center at the origin has the equation

M+t =R

The equation x* + y* = r? gives a cylinder of radius r.

So when the investigation is concerned only with small segments of the
surface, as is usually the case in classical differential geometry, the
definition of a surface by an equation z = f(x, y) is perfectly general,
since every sufficiently small segment of a smooth surface can be rep-
resented in this form. We take this way as basic, and leave other methods
of defining surfaces to be considered later in §§4 and 5.

Tangent plane. Just as at ecach point a smooth curve has a tangent
line which is close to the curve in a neighborhood of the point, so also
surfaces may have, at each of their points, a fangent plane.
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The exact definition is as follows. A plane P, passing through a point M
on a surface F, is said 1o
be tangent to the surface
Fat this point if the angle
o between the plane Pand
the secant MX, drawn
from M to a point X of
the surface, converges to
zero as the point X ap-
proaches the point M

(figure 18). All tangents
to curves passing through
the point M and lying
on the surface obviously lie in the tangent plane.

A surface F is called smooth if it has a tangent plane at each point
and if, as we pass from point to point, the position of this plane varies
continuously.

Near the point of tangency, the surface departs very little from its
tangent plane: If the point X approaches the point M along the surface,
then the distance of the point .X from the tangent plane becomes smaller
and smaller, even in comparison with its distance from the point M
(the reader can easily verify this by considering how X approaches M
in figure 18). In this way, the surface near the point M may be said to
merge into the tangent plane. In the first approximation a small segment
or, as it is called, an “element” of the surface may be replaced by a
segment of the tangent plane. The perpendicular to the tangent plane
which passes through the point of tangency acts as a perpendicular to
the surface at this point and is called a normal,

This possibility of replacing an eleni®fit of the surface by a segment
of the tangent plane is useful in many situations. For example, the
reflection of light on a curved surface takes place in the same way as

Fio. 18.

W\ the reflection on a plane, i.c., the direction of the reflected ray is defined

by the usual law of reflection: The incident ray and the reflected ray
lie in one plane together with the normal to the surface and they make
equal angles with this normal (figure 19), just as if the reflection were
occurring in the tangent plane. Similarly for the refraction of light in
a curved surface, each ray is refracted by an element of the surface with
the usual law of refraction, just as if the element were plane. These facts
are the basis for all calculations of reflection and refraction of light in
optical apparatus. Further, for example, solid bodies in contact with
each other have a common tangent plane at their point of contact. The
bodies are in contact over an element of their surface, and the pressure

§3. BASIC CONCEPTS IN THE THEORY OF SURFACES 9

of one body on the other, in the absence of friction, is directed alon

the normal at the point of contact. This is also true when the bodief
are tangent at more than one point, in which case the pressure is directed
along the respective normals at each point of contact,

Fio. 19.

The replacement of elements of a surface by segments of the tangent
planes can also serve as the basis of a definition of the area of various
surfaces. The surface is decomposed into small pieces F,, F,, -+, F, and
each piece is projected onto a plane tangent to the surface at some point
of this piece (figure 20). We thus obtain a number of plane regions
Py, Py, Py, the sum of whose areas gives an approximation to the
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area of the surfaces. The area of the surface itself is defined as the limiy
of the sums of the areas of the segments P, p, ..., P, under the cor:
dition that the partitions of the surface become finer, * From this we ¢ ‘
derive an exact expression for the area in the form of a double fnteguin

These remarks clearly demonstrate the significance of the concept of
the tangent plane. However, in many questions the approximate represen.
tation of an element of a surface by means of a plane is inadequale and
it is necessary to consider the curvature of the surface.

Curvature of curves on a surface. The curvature of a surface at 4
given point is characterized by the rate at which the surface leaves its
tangent plane. But in different directions, the surface may leave its tangent
plane at different rates. Thus the surface illustrated in figure 21 leaves
the plane P in the direction OA at a faster rate than in the direction 0B,
So it is natural to define the curvature of a surface at a given point by
means of the set of curvatures of all curves lying in the surface and
passing through the given point in different directions.

Fia. 21. Fio. 22,

This is done as follows. We construct the tangent plane P through
the point M and choose a specific direction for the normal (figure 22).
Then we consider curves which are sections of the surface cut by planes
passing through the normal at the point M; these curves are called
normal sections. The curvature of a normal section is given a sign, which
is plus if the section is concave in the direction of the normal and minus
if it is concave in the opposite direction. Thus, in a surface which is
saddle-shaped, as illustrated in figure 23 with the arrow indicating the

* This is exactly the expression for the area which was used in §1, Chapter VIIL.

-
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direction of the normal 1o the surface, the curvature of the wation MA
is positive and that of the section M# is negative

A normal section Is defined by the angle 4 by which its plane s retated
from some initial ray in the tangent plane (figure 22). If we know the
curvature of the normul section k(¢) in terms of the angle 4, we will
have & rather complete picture of the behavior of the surface in the

vicinity of the point M.

A surface may be curved in many different ways and thus it would
appear that the dependence of the curvature k on the angle ¢ may be
arbitrary. In fact this is not so. For the surfaces studied in differential
geometry, there exists a simple law, due to Euler, that establishes the
connection between the curvatures of the normal sections passing through
a given point in various directions.

It is shown that at cach point of a surface there exist two particular

directions such that

1. They are mutually perpendicular;

2. The curvatures k, and k, of the normal sections in these directions
are the smallest and largest values of the curvatures of all normal sections *

3. The curvature k(¢) of the normal section rotated from the section
with curvature k, by the angle ¢ is expressed by the formula

k($) = kycos*d + kysin’g. (4)

Such directions are called the principal directions and the curvatures
ky and ky are called the principal curvatures of the surface a1 the given
point. o

This theorem of Euler shows that in spite of the diversity of surfaces,
their form in the neighborhood of each point must be one of & very
few completely defined types, with an accuracy to within magnitudes of
the second order of smallness in comparison with the distance from the
given point. In fact, if k; and k, have the same sign, then the sign of
k(g) is constant and the surface near the point has the form illustrated
in figure 22. If k; and k; have opposite signs, for example k, > 0 and
ky < 0, then the curvature of the normal section obviously changes sign.
This is seen from the fact that for ¢ = 0 the curvature k = k, > 0 and
for¢ = n/2 we have k = k, < 0,

From formula (4) for k(¢), it is not difficult to prove that as ¢ changes

* In the particular case k, = k, the curvature of all sections is the same; as, for
example, on a sphere.
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from 0 to = the sign of k(¢) changes twice,* so that near the point the
surface has a saddle-shaped form (figure 23),

When one of the numbers k, and k, is equal to zero, the curvature
always has the same sign, except for the one value of ¢, for which it
vanishes. This occurs, for example, for every point on a cylinder (figure 29)

Fic. 23. Fia. 24.

In the general case the surface near such point has a form close to that
of a cylinder.
Finally, for k, = k, = 0 all normal sections have zero curvature.
Near such a point the surface is especially “close” to its tangent plane.
~Such points are called flar points. One example of such a point is given
i figure 25 (the point M). The properties of a surface near a flat point
, may be very complicated. :

Fig. 25 Fia. 26.

*Itis ¢ simple mailer to show that k(¢) = k,cos' ¢ + kysin*¢ vanishes for

¢ =arct V—kik, and ¢ = » — arctan vV — k. } . ;
| Iky, changing sign the first time
from ph - t minus and the second from minus lo1pql:u, §ing sign

1
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Let us now consider a section of the surface cut by an arbitrary plane Q
(figure 26) not passing through the normal. The curvature k, of such a
curve L, as Meusnier showed,* is connected by a simple relation with
the curvature ky of the normal section in the same direction, i.c., the
one that intersects the tangent plane in the same straight line. This
connection is expressed by the formula

| kyl
k.l. - m ]
where 0 is the angle between the normal and the plane Q. The correctness
“of this formula may be visualized very conveniently on a sphere.
Finally, the curvature of any curve lying in the surface and having
% | the plane Q as its osculating plane may be shown to be identical with
| the curvature of the intersection of Q with the surface.

Thus, if we know k, and k, , the curvature of any curve in the surface
is defined by the direction of its tangent and the angle between its oscu-
lating plane and the normal to the surface. Consequently, the character
of the curvature of a surface at a given point is defined by the two numbers
k, and k,. Their absolute values are equal to the curvatures of two
mutually perpendicular normal sections, and their signs show the direction
of the concavity of the respective normal sections with respect to a chosen
direction on the normal.

Let us now prove the theorems of Euler and Meusnier mentioned earlier.

1. For the proof of Euler's theorem we need the following Jemma.
If the function f{x, y) has continuous second derivatives at a given point,
then the coordinate axes may be rotated through an angle « such that
in the new coordinate system the mixed derivative f,.,. will be equal to
zero at this point.t We recall that after rotation of axes the new variables
x', y' are connected with x and y by the formulas

x=xcosa—ysina; y=x'sina+) cosa
(cf. Chapter 111, §7). For the proof of the lemma we note that

ax dy . dx .
— =sina, — = —sina,

- o _
o 2x By' = CO0§ o,

ay'

* Meusnier (1754-1793) was a French mathematician, a student of Monge; he was
a general in the revolutionary army and died of wounds received in battle.

t We will denote partial derivatives by subscripts; for example, in place of &/éx
we write f,, in place of 84f)8)* we write f,, , elc.
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Computing the derivative 5., by the chain rule, we arrive after
calculation at the result Ome

ey = feyOS 20 + i(fvv — fes) sin 2aq,
from which it readily follows that for

fu '—'fvv

cot 2a = 1 ew —fun
zv
we will have
Sy = 0.

We now consider the surface F, given by the equation z = f{x, ), in
which the origin is at the point M under consideration and the axes Ox
and Oy are so chosen in the tangent plane that £, (0,0) = 0. In the
surface P we take an arbitrary straight line making an angle ¢ with the

Fic. 27.

alJu's Ox and consider the normal section L in the direction of this straight
line (ﬁgure 27. Frorn the formula derived in §2, the curvature of L at
the point M, taking its sign into account, is equal to

. 2flx, y

k, = lim %9

=0

?:rz,f!l:.ti) ishlhe dlstln_ce (agzm taking its sign into account) of a point
€ chosen straight line. Expanding f{x, y) by Taylor’s formuls
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(Chapter I, §9) and noting that £,(0, 0) = £,(0, 0) = O (si
Ox and Oy lie in the tangent plane) \\;e )gc! o (since the axes

%, ¥) = (farX® + ™) + elx® + ),

‘”hf“ €« —~0as x—0, y 0. For a point on L, we have x = {cos¢,
y = £sing, £ — x¥ 1 2 (figure 27), and thus

K, = “mfuf' cos¢ + f,, £¥sin* P + 2e£°
() e

Putting¢ = 0,¢ = /2, we find that /,, and f,, are the curvatures k, and
ky of the normal sections in the direction of the axes Ox and Oy. Thus the
formula derived is actually Euler's formula: k = k, cos®@ -+ kysin’é.
The fact that k, and k, are the maximal and minimal curvatures also
follows from this formula.

= frscostd + f,,sin* .

FiG. 28.

2. For the proof of Meusnier’s theorem we consider a normal section
L, and a section L whose plane forms an angle 6 with the plane of the
section L, , as in figure 28. The axes Ox and Oy lie in the tangent plane,
and we also take the axis Ox to be tangent to the curves Ly and L at
the origin. The distance A(x, y) to the Ox axis of a point X on L with
coordinates x, y, f(x,y) is obviously equal to h(x, y) = | flx, ¥)l/cos 8
(figure 28). Using Taylor’s formula, we express the curvature k, of the
curve L in the following manner:

. 2h(x, V) 5 1 flx, ») |
ke = tim 25— im2 T
1 2e(xt + V*
— lim | feex® + 2feuxy 'rfn)" + 2e(x )_l_l. (5)
20 x*cos @



86 VII. CURVES AND SURFACEg

where ¢ — 0 as x, y — 0. Since the axis Ox is tangent to the curve |
obviously lim, , y/x = 0. Thus, taking the limit in formula (5), we et

lfll'l

cos @’

‘L

But for the chosen coordinate system the curve L, has the equation
2 =flx,0), for which [ky| = |f.,|. Thus k, = | kyl/cos8 ang
Meusnier's theorem is proved.

Mean curvature. In many questions of the theory of surfaces, the
most important role is played not by the principal curvatures themselves
but by certain quantities dependent on them, namely the mean curvapyre
and the Gaussian or forg:' curvature of the surface at a given point. Let
us examine them in detail.

The mean curvature of a surface at a given point is the average of the
principal curvatures

Kav = ‘(kl - lkg,’l-

As an example of the usefulness of this concept. we consider the
following mechanical problem. We assume that over the surface of some
body F there is stretched a taut elastic rubber film. We ask about the

pressure exerted by this fim on
cach point of the surface of F

TAsy TAs, The pressure at a point M s
— measured by the force exerted by
the film on a segment of the
surface of unit area containing the
point A to be more exact, the
pressure ““at the pomint™ M 5
defined _ay the limit of the rato

TA ) -
ad TO%  of this forte 1o the area of the
Fia. 29 scgment as the latter shrinks to the
point Af

We surround the point M on the surface with a small curvilinear
rectangle whose sides have lengths ds, and ds, and are perpendicular
to the first and second principal directions at M (figure 29) * On each
side of the rectangle there is exerted a force that is proportional (from
the assumed uniformity of the tension) to the length of the side and
the tension T acting on the film Thus, on the sides perpendicular to

* Our reasoning here i not ngorous. However, by making estamates of the e
introduced, it 8 possibie 10 give 3 ngorous proof of the result
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the first principal direction, there are exerted forces that are approximately
equal to Tds, and have the direction of the tangent to the surface.
Similarly, forces equal to T4s, act on the other pair of sides of the
rectangle. In order to find the pressure at the point M, we must divide
the resultant of these four forces by the area of the rectangle (approxi-
mately equal to 4s, 4s,) and pass to the limit for ds, , 45, — 0. Let us
begin by dividing the resultant of the first two forces by ds, ds, .

If we examine the rectangle from its side (figure 30), we see that these
forces are directed
along tangents to the
curve of the first nor-
mal section and that
the distance between
their points of appli-
cation is exactly 4ds, .
So we have the same
problem here as in §2 Tls,
for the pressure of a TAs,
string on a support. Fic. 30.

Using the earlier result,

we find that the desired limit is equal to k,7, where k; is the curvature
of the first normal section. With a similar expression for the other two
forces, we obtain the formula:

Py = Tlky + ky) = 2TKav -

This result has many important cc q
example.

It is known that the surface film of a liquid is under a tension that
15 the same in all directions on the surface. For a mass of liquid bounded
by a curved surface, this tension, by the previous result, exerts a pressure
on the surface which is proportional to its mean curvature at the given
point.

So in drops of very small diameter the pressures are very large, a fact
that hinders the formation of such drops. In a cooling vapor the drops
begin to form, as a rule, around specks of dust and around charged
particles. In a completely pure, slightly cooled vapor, the formation of
drops 1s delayed. But if, for example, a particle passes through the vapor
at high speed, causing ionization of the molecules, then around the ions
formed in its path there will momentarily appear small drops of vapor,
constituting a visible track of the particle. This is the basis for con-
struction of the Wilson chamber, widely used in nuclear physics for
observing the motions of various charged particles.

M

Let us consider an
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Since the pressure exerted by a liquid is the same in all directiq,
a drop of liquid in the absence of other sources of pressure must a“u,.l
a form for which at all points of the surface the mean curvatyre | ‘.-A
same. In the experiment of Plateau, we take two liquids of tpe xap..'
specific weight, so that a clot of one of them will float in cquilibr.gt
in the other. It may be assumed that the floating liquid is acted qp oh':.
by surface tension,* and it turns out that the “floating"” liquid a}vmj
takes the form of a sphere. This result suggests that every closed sm‘;\_
with constant mean curvature is a sphere, a theorem that is in fae true |
although the strict mathematical prot_:f of it is very difficult.

It is possible to approach the question from still another side. [y \'k;.
of the fact that the surface tension tends to decrease the area of o
surface, while the volume of the liquid cannot change, it is natyr) |,
expect that the floating mass of liquid will hgvc th.c smallest surface for
a given volume. It can be proved that a body with this property is a sphere

The relation between the lateral pressure of the film and its mey, |
curvature can also be used to determine the form of a soap film suspendeq |
in a contour. Since the lateral pressure over the surface of the film, being
directed along the normal to the surface, is rlwl opposed by any reaction
of the support (the support in this case is simply not there), it must b
equal to zero, sO that for the desired surface we have the condition

Kav = 0. (6)

From the analytic expression for mean curvature, we obuj!-n adifferentia] -,
equation, and the problem consists of solving this equation under the
condition that the desired surface passes through the given contoyr*
There have been many investigations of this difficult problem. _

The same equation (6) arises from the problem of finding the surface
of least area bounded by a given contour. From a physical point of view,
the identity of these two problems is a natural one, since the film tends
to decrease its area and reaches a position of stable equilibrium only
when it attains the minimal area possible under the given conditions
Surfaces of zero mean curvature, by reason of their connection with this
problem, are called minimal.

The mathematical investigation of minimal surfaces is of great interest,
partly because of their wide variety of essentially different shapes, as

* The increase of pressure with depth may be ignored, since it is the same for both |
liquids because of their having the same specific weight. So on their common boundary |
the additional internal and external pressures caused by the depth are neutralized by |
cach other.

t For a surface given by the equation z - z(x, y), equation (6) assumes the form

O +hz — 2z + (1 + 20z = 0.
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discovered by experiments with soap film. Figure 31 illustrates two soap
fims suspended from different contours

FiG. 31.

Gaussian curvature. The Gaussian curvature of a surface at a given
point is the product of the principal curvatures

K = kyky .

The sign of the Gaussian curvature defines the character of the surface
near the point under consideration. For K =- 0 the surface has the form
of a bowl (k, and k, have the same sign) and for K < 0, when k, and k,
have different signs, the surface is like a saddle. The remaining cases,
discussed earlier, correspond to zero Gaussian curvature. The absolute
value of the Gaussian curvature gives the degree of curvature of the
surface in general, as a sort of abstraction from the various curvatures
in different directions. This becomes particularly clear if we consider a
different definition of Gaussian curvature, which does not depend on
investigating curves on the surface.

Let us consider a small segment G of the surface F. containing the
point M in its interior, and at each point of this segment let us erect
a normal to the surface.
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If we translate the initial points of all these normals to one Poin
then they fill out a solid angle (figure 32). The size of this solid "'IE

will depend on the area of the segment G and on the extent 1o which
the surface is curved on this segment. Thus the degree of curva[u,eo}

‘ Gor
a

Fic. 32.

the segment G may be characterized by the ratio of the size of the solid
angle to the area of G; so it is natural to define the curvature of the
surface at a given point as the limit of this ratio when the segment ¢
shrinks to the point M.* It turns out that this limit is equal to the absolute
value of the Gaussian curvature at the point M.

The most remarkable property of the Gaussian curvature, which
explains its great significance in the theory of surfaces, is the following.
Let us suppose that the surface has been stamped out from a flexible
but inextensible material, say a very thin sheet of tin, so that we can
.. bend it into various shapes without stretching or tearing it. During this
process the principal curvatures will change but, as Gauss showed, their
product k,k, will remain unchanged at every point. This fundamental
result shows that two surfaces with different Gaussian curvatures are
inherently distinct from each other, the distinction consisting of the fact
that if we deform them in every possible way, without stretching or
tearing, we can never superpose them on each other. For example, 2
segment of the surface of a sphere can never be distorted so as to lie
on a plane or on the surface of a sphere of different radius.

We have now considered certain basic concepts in the theory of surfaces.
As for the methods used in this theory, they consist, as was stated
previously, primarily in the application of analysis and above all of

* To measure the solid angle itself, we construct a sphere of unit radius with cenier
at its vertex. The area of the region in which the sphere intersects the solid angle is
then taken as the size of the solid angle (figure 32).
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differential equations. Simple examples of the use of analysis are to be
found in the proofs for the theorems of Euler and Meusmier. For more
complicated questions, we require a special method of relating problems
in the theory of surfaces to problems in analysis. This method 1s based
on the introduction of so-called curvilinear coordinates and was first
widely used in the work of Gauss on problems of the type discussed in
the following section.

§4. Intrinsic Geometry and Deformation of Surfaces

Intrinsic geometry. As indicated previously, a deformauon of a
surface is defined as a2 change of shape that preserves the lengths of all
curves lying in the surface. For example. rolling up a shect of paper
into a cylindrical tube represents, from the geometric point of view, a
deformation of part of the plane, since in fact the paper uqdcrgoes
practically no stretching, and the length of any curve drawn on it is not
changed by its being rolled up. Certain other geometric gquantities
connected with the surface are also preserved: for example, the area of
figures on it. All properties of a surface that are not changed by defor-
mations make up what is called the inrrinsic geometry of the surface

But just which are these properties ? It is clear that in a deformation
only those properties can be preserved which in the final analysis depend

[‘entirely on lengths of curves, i.e., which may be determined by measure-

. ments carried out on the surface itself. A deformation is a change of
shape preserving the length of curves, and any property which cannot
change under any deformation must be definable in one way or another
in terms of length. Thus intrinsic geometry is simply called geomerry on
a surface. The very meaning of the words “intrinsic geometry™ is that
it studies intrinsic properties of the surface itself, independent of the
manner in which the surface is embedded in the surrounding space.”
Thus, for example, if we join two points on a sheet of paper by a straight
line and then bend the paper (figure 33), the segment becomes a curve
but its property of being the shortest of all lines joining the given points
on the surface is preserved; so this property belongs to intrinsic geometry.
On the other hand, the curvature of this line will depend on how the
paper was bent and thus is not a part of intrinsic geometry.

In general, since the proofs of plane geometry make no reference to
the properties of the surrounding space, all its theorems belong to the

* We note that the ideas of intrinsic geometry have led to a wide generalization of
the mathematical concept of space and have thereby played a very important role in
contemporary physics; for details see Chapter XVIIL.
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inable by deformation

C . metry of any surface o.bta.ma_ el of a

mmnslfvﬂ':y that plane geometry is the intrinsic geometry of th, Plan,
On; l:)l“;ﬂ example of intrinsic geometry is fa.rniliar to everyone, p,

geor:elfy on the surface of a sphere, with which we usually hay, 'O'ri)_
]

Fic. 33.

in making measurements on the surface of the earth. This example i ,
particularly good one to illustrate the essential nature of intrinsic geomes.
try; because of the large radius of the earth, any immediately visipje
area of its surface appears to us as part of a plane, so that the deviations
from plane geometry observable in the measurements of large distances
impresses us as resulting not from the curvature of the earth’s surface
in space but from the inherent laws of “‘terrestrial geometry,” expressing
the geometric properties of the surface of the earth itself.

. l(l}’ mmu'_ns to note _thnt zht; idu: of studying intrinsic geometry occurred
o Gauss in connection wi problems of geodesy and carto y
Both these applied sciences are concerned in an es:el;xtia.l way w;';.hpflzé
intrinsic geometry of the earth’s surface. Cartography deals, in particular
v:elh d.:ston"uons in the ratios of distances when part of {he surface oi
;lu:rm umt?‘: a piane and thus with distinguishing between
Themintﬁnsic Intrinsic geometry of ll}e surfl.ce of the earth.
Lt w s &:hometry Oflfly surface may be pictured in the same way.
e’ mmelm:: or; a given surfaoe_t'hcre exist creatures so small
plane (e o, Lim ts ol thm.r range of vision the surface appears to be
differs very e f:o a sufficiently small segment of any smooth surface
notice that the surfm"} a tangent plane); then these creatures will not
: Is curved in space, but in measuring large distances

!hey will nevertheless convi ’ m h g large X
nvince themselves that in their geometry certain

' |
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nonplanar laws prevail, corresponding to the intrinsic geometry of the
qurface on which they live. That these laws are actually different for
different surfaces may easily be seen from the following simple discussion
Let us choose a point @ on the surface and consider a curve L such
that the distance of each of its points from the point O, measured on
the surface (i.e., along the shortest curve connecting this point to the
point 0) is equal to a fixed number r (figure 34). The curve L, from the

Fio. 34,

point of view of the intrinsic geometry of the surface, is simply the
circumference of a circle of radius r. A formula expressing the length
s(r) in terms of r is part of the intrinsic geometry of the given surface.
But such a formula may vary widely in character, depending on the
nature of the surface: Thus on a plane, s(r) = 27r; on a sphere of radius
R, as can easily be shown, s(r) = 27 R sin r/R; on the surface illustrated
in figure 35, beginning with a certain value of r, the length of the cir-

FiG. 35.

cumference with center O and radius r is at first independent of r but
then begins to decrease. Consequently, all these surfaces have different
intrinsic geometries.

The basic concepts of intrinsic geometry. To illustrate the wide range
of concepts and theorems in intrinsic geometry, we may turn to plane
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geometry which, as we have seen, is the intrinsic geometry of the p,
Its subject matter consists of plane figures and their properties, whig
are usually expressed in the form of relations among basic 8€Omey
quantities such as length, angle, and area. For a rigorous proof ﬂ:c
angle and area belong to the intrinsic geometry of the plane, it is necessy t
to show that they can be expressed in terms of length. But this js certaip,
so; in fact, an angle may be computed if we know the length of the ‘idey
of a triangle containing it, and the area of a triangle can also be °°mpute.;
in terms of its sides, while to compute the area of a polygon we neeq
only divide it into triangles.

In considering plane geometry as the intrinsic geometry of the plap,
there is no need to restrict ourselves to ideas learned in school. On y,
contrary, we may develop it as far as we like and study many pe,
problems, provided only they can be stated, in the final analysis, in
terms of length. Thus, in plane geometry we may successively introdyc,
the length of a curve, the area of a surface bounded by curves, and g,
forth; they are all a part of the intrinsic geometry of the plane.

The same concepts are introduced in the intrinsic geometry of ap
arbitrary surface. The length of a curve is the initial concept; the definition
of angles and areas is somewhat more complicated. If the intrinsjc
geometry of a given surface differs from plane geometry, we cannot use
the customary formulas to define an angle or an area in terms of length.
However. as we have seen, a surface near a given point differs little
from its tangent plane. Speaking more precisely, the following is trye:
If a small scgment of a surface containing a given point M is projected
on the tangent plane at this point, then the distance between points,
measured on the surface, differs from the distance between their projec-
tions by an infinitesimal of higher than the second order in comparison
with distances from the point M. Thus in defining geometric quantities

FiG. 36.
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at a given point of a surface by taking a limit in which infinitesimals
occur of order no higher than the second, we may replace a scgment
of the surface by its projection on the tangent plane. Thus the quantities
determined by measurement in the tangent plane turn out to belong to
the intrinsic geometry of the surface. This possibility of considering a
small segment of the surface as a plane is the basis of the definitions of
all the concepts of intrinsic geometry.

As an example let us consider the definitions of angle and area.
Following the general principle, we define the angle between curves on
a surface as the angle between their projections on the tangent plane
(figure 36). Obviously the angle defined in this manner is identical with
the angle between the tangents to the curves. The definition of area
given in §3 is based on the same
principle. Finally, in order that
the tendency of a curve to twist
in space may be defined “‘within"
the surface itself, we introduce
the concept of ‘‘geodesic curva-
ture’’ the name being reminiscent
of measurements on the surface
of the earth. The’Ea_M
ture of a curve at a given point is
“defined as the curvature of its
projection on the tangent plane
(figure 37).

In this manner we see that the basic concepts of plane geometry may
be introduced into the intrinsic geometry of an arbitrary surface.

In any arbitrary surface it is also easy to define figures analogous to
the basic figures on the plane. For example, we have been dealing
previously with circumferences of circles, which are defined precisely as
in the case of the plane. Similarly, we may define the analogue of a line
segment, namely a geodesic segment, as the shortest curve on the surface
joining two given points. Further, it is natural to define a triangle as a
figure bounded by three geodesic segments and similarly for a polygon,
and so forth. Since the properties of all these figures and magnitudes
depend on the surface, there exist in this sense infinitely many different
intrinsic geometries. But intrinsic geometry, as a special branch of the
theory of surfaces, pays particular attention to certain general laws
holding for the intrinsic geometry of any surface and makes clear how
these laws are expressed in terms of the quantities which characterize
a given surface.

Thus, as we have noted earlier, one of the most important characteristics

Fic. 37.
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of a surface, its Gaussian curvature, is not changed by deformay;
depends only on the intrinsic geometry of the surface. But it turny
that in general the Gaussian curvature already characterizes, i oy
markable degree, the extent to which the intrinsic geometry of the a
near a given point differs from plane geometry. As an example urf;
consider on a surface a circle L of very small radius r, with . let
a given point 0. On a plane the length s(r) of its Cil'Cumferenum-" @
pressed by the formula s(r) = 27r. On a surface differing from 5 is ¢y,
the dependence of the circumference on the radius is differen;-
deviation of s(r) from 2=r, depends essentially, for small r, on lhe.
curvature K at the center of the circle, namely;

on, ;.

fe.

herg 'hé
Gausyjy,

s(r) = 2mr — —;—Kr' + er,

where ¢ — 0 as r — 0. In other words, for small r the circy
may be computed by the usual formula if we disregard terms of the
third degree of smallness, and in this case the error (with accuracy ¢
terms of higher than the third order) is proportional to the Glussiao
curvature. In particular, if K = 0, then the circumference of a cirgje o’;.
small radius is smaller than the circumference of a circle with the same
radius in a plane, and if K < 0, it is larger. These latter facts are eas
to visualize: Near a point with positive curvature the surface has &:
shape of a bowl so that circumferences are reduced, whereas near a pojp
with negative curvature the circumference, being situated on a “sadde »
has a wavelike shape and is thus considerably lengthened (figure 33

nlfertnq
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From the theorem just mentioned, it follows that a surface with varying
Gaussian curvature is extremely inhomogeneous from a geometric point
of view; the properties of its intrinsic geometry change from point to
point. The general character of the problems of intrinsic geometry causes

|
|
|
|
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it to resemble plane geometry, but this inhomogeneity, on the other
hand, makes it profoundly different from plane geometry. On the plane,
for example, the sum of the angles of a triangle is equal to two right
angles; but on an arbitrary surface the sum of the angles of a triangle,
(with geodesics for sides) is undetermined even if we are told that it lies
on a known surface and has sides of given length. However, if we know
the Gaussian curvature K at every point of the triangle, then the sum
of its angles, «, B, ¥, can be computed by the formula

a+B+y=mn+ [[Kdo, M

where the integral is taken over the surface of the triangle. This formula
contains as a special case the well-known theorems on the sum of the
.n‘]esorntﬁm;binthephmandontheunitsphcre. In the first
case K=0 and « + B+ y = =, while in the second K = 1 and
x+ B+ y=m+ S, where S is the area of the spherical triangle.

It may be proved that every sufficiently small segment of a surface
with zero Gaussian curvature may be deformed. or, as it is customary
to say, developed into a plane, since it has the same intrinsic geometry
as the plane. Such surfaces are called_developable. And if the Gaussian
curvature is near zero, then although the surface cannot be developed
into a plane, still its intrinsic geometry differs little from plane geometry,
which indicates once again that the Gaussian curvature acts as a measure
of the extent to which the intrinsic geometry of a surface deviates from
plane geometry.

Geodesic lines. In the intrinsic geometry of a surface the role of
straight lines is played by geodesic lines, or, as they are usually called,
+geodesics.”

A straight line in a plane may be defined as a line made up of intervals
overlapping one another. A geodesic is defined in exactly the same way,
with geodesic segments taking the place of intervals. In other words, a
geodesic is a curve on a surface such that every sufficiently small piece
of it is a shortest path. Not every geodesic is a shortest path in the large,
as may be noted on the surface of a sphere, where every arc of a great
circle is a geodesic, although this arc will be the shortest path between
its end points only if it is not greater than a semicircle. A geodesic, as
we see, may even be a closed curve.

To illustrate certain important properties of geodesics, let us consider
the following mechanical model.* On the surface F let there be stretched

* As noted previously, our T ing here is not a strict proof of the properties of
geodesic curves. It is given only to illustrate the most important of these properties.
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a rubber string with fixed ends (figure 39).* The string will be in equilibriyy,
when it has the shortest possible length, i
any change in its position will then involye an
increase of length, which could be Produceg
only by external forces. In other words the
string will be in equilibrium if it is lying along
a geodesic. But for equilibrium, it is necegey
that the elastic forces on each segment of the
string be counterbalanced by the resistance of
the surface, directed along the normal 1, it

Fia. 39. (We assume that the surface is smooth ang nm'

there is no friction between it and the String )

But it was proved in §2 that the pressure on the support caused by the
tension of the string is directed along the principal normal to the cypy,
along which the string lies. Thus we are Jed to the following regy),.
The principal normal to a geodesic at each point coincides in directjon
with the normal to the surface. The converse of this theorem js also
true: Every curve on a regular surface which has this property js ,
geodesic.

This property of a geodesic allows us to deduce the following importan
fact: If a material point is moving on a surface in such a way that there
are no forces acting on it except for the reaction of the surface, then j;
follows a geodesic. For, as we know from §2, the normal acceleration
of 2 point is directed along the principal normal to the trajectory and
since the reaction of the surface is the only force acting on the point,
the principal normal to the trajectory is identical with the normal 1o
the surface, so that from the preceding theorem the trajectory is a
geodesic. This last property of geodesics increases their resemblance to
straight lines. Just as the motion of a free point, because of inertia, js
along a straight line, so the motion of a point forced to stay on a surface,
but not affected by external forces, will be along a geodesic.t

From the same property of geodesics comes the following theorem.

" TIf two surfaces are tangent along a curve that is a geodesic on one of

* them, then this curve will also be a geodesic on the other. For at each
point of the curve, the surfaces have a common tangent plane and
consequently a common normal, and since the curve is a geodesic on
one of the surfaces, this normal coincides with the principal normal to
the curve, so that on the second surface also the curve will be a geodesic.

~ " A streiched string will not remain on a surface unless the surface is convex; s
in order not to make exceptions, it is better to imagine that the surface is in two layers,
with the string running between them,

" Here by “external™ forces we mean all forces except the reaction of the surface.
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From these results follow two further intuitive properties of geodesic
curves. In the first place, if an elastic rectangular plate (fof example a
steel ruler) lies with its median line completely on a surface, then it is
tangent 10 this surface along a geodesic. (Evidently the line of contact
is a geodesic on the ruler, so that it must be a geodesic also on the surface.)

/Second, if a surface rolls along a plane in such a way that the point of

contact traces a straight line on the plane. then the trace of this straight

line on the surface is a geodesic.* Both these properties are readily

demonstrated on a cylinder, where it is easy to convince oneself by ex-
periment that the median line of a straight plane strip ly;pg on the cylinder
(figure 40) coincides with either a generator or the circumference of a
-\
\

\
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circle or a helix, and it is not difficult to prove that a geodesic curve on
a cylinder can be only one of these three. The same curves will be traced
out on a cylinder if we roll it on a plane on which we have drawn a
straight line in chalk.

The analogy between geodesics and straight lines in a plane may be
supplemented by still another important property, taken directly from
the definition of a geodesic. Namely, straight lines in the plane may be
defined as curves of zero curvature and geodesics on a surface as curves
of zero geodesic curvature. (We recall that the geodesic curvature is the
curvature of the projection of the curve on the tangent plane, cf. ﬁgmfc 37.)
It is quite natural that our present definition of a geodesic should coincide
with the earlier one; for if at every point of the curve the curvature of

* This proposition does not differ essentially from the preceding one, since the rolling
of a surface on a plane is equivalent in a well-defined sense to the unwinding of a
plane strip along the surface.
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its projection on the tangent plane is equal to zero, then the curve de.
from its tangent essentially in the direction of the normal to the surf ny
so that the principal normal to the curve is directed along the Normg) -
the surface and the curve is a geodesic in the original sense. Cop ltn
if & curve is a geodesic, then its principal normal, and so also its devigy; Y.
from the tangent line, are directed along the normal to the surface M
that in projecting on the tangent plane we get a curve in wh; 'l::
deviation from the tangent is essentially smaller than for the origj
curve, and the curvature of the projection so formed turns oy 10 be
equal to zero.

The course of a geodesic may vary widely for different surfaces,
an example, in figure 41 we trace some geodesics on a hyperbolojg 0;
revolution.

L

Fic. 41.

Deformation of surfaces. Since intrinsic geometry studies the proper-
ties of surfaces that are invariant under deformation, it naturally investi-
gates these deformations themselves. The theory of deformation of
surfaces is one of the most interesting and difficult branches of geometry
and includes many problems which, although simple to state, have not
yet been finally solved.

Certain questions about the deformation of surfaces were already
considered by Euler and Minding, but general results for arbitrary
surfaces were not derived until later.

In the general theory of deformation, we first of all raise the question
whether deformation is possible for all surfaces and, if so, to what extent
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For analytic surfaces, i.e., surfaces defined by functions of the coordinates
that can be expanded in a Taylor series, this question was solved at the
end of the last century by the French mathematician Darboux. In par-
tigular, he showed the following: If on such a surface we consider any
géod:sic and assign in space an arbitrary (analytic) curve with the same
length, and with curvature nowhere equal to zero, then a sufficiently
narrow strip of the surface, containing the given geodesic, can be deformed
so that the geodesic coincides with the given curve.* This theorem shows
that a strip of the surface may be deformed rather arbitrarily. However,
it has been proved that if a geodesic is to be transformed into a preassigned
curve, then the surface may be deformed in no more than two ways.
For example, if the curve is plane, then the two positions of the surface
will be mirror images of each other in the plane. If the geodesic is a
straight line, then this last proposition is not true, as can be shown by
deforming a cylindrical surface.

We have defined a deformation as a transformation of the surface that
preserves the lengths of all curves on the surface. Here we have considered
only the final result of the transformation; the question of what happens
to the curve during the process did not enter. However, in considering
a surface as made from a flexible but unstretchable material, it is natural
to consider a continuous transformation, at each instant of which the
lengths remain unchanged (physically this corresponds to the un-
stretchability of the material). Such transformations are called continuous
deformations.

At first glance it may seem that every deformation can be realized in
a continuous manner, but this is not so. For example, it has been shown
that a surface in the form of a circular trough (figure 42), does not admit

continuous deformations (this explains, among other things, the familiar

fact that a pail with a curved rim is considerably stronger than one with

a plain rim) although deformations of such a surface are possible: for
7 )

© * The case of transforming a geodesic into a curve with zero curvature is excluded,
since it is easy to show that for surfaces of positive Gaussian curvature this is impossible.
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example, one may cut the trough along the circle on which it reg, N

a horizontal plane and replace one half of it by its mirror image in lhn
plane (compare figure 43 with figure 42; to aid visualization we hlv“
drawn only the left half of the surface). It is intuitively clear that lh:
impossibility of a continuous deformation is due to the circular sha

of the trough; for a straight trough such a deformation can be pg,me:;
continuously.

If we restrict ourselves to a sufficiently small segment of the Surface
then there are no obvious hindrances to its continuous deformation, .nd'
we might expect that every deformation of a small segment of the SUrface
can be realized by a continuous transformation, followed perhaps by &
mirror reflection. This is in fact true, but only under the condition thay
on the given small segment of the surface the Gaussian curvature never
vanishes (excepting the case that it vanishes everywhere). But if yp,
Gaussian curvature vanishes at isolated points, then, as N. V. Efim,,
showed in 1940, even arbitrarily small segments of a regular surface m,,
not admit any continuous deformation without loss of regularity, F,
example, the surface defined by the equation z = x* + AxA 4 38 where
A is a transcendental number, has the property that no segment Containing
the origin, no matter how small it may be, admits sufficiently regula,
continuous deformations. Efimov’s theorem is a new and somewhy;
unexpected result in classical differential geometry.

In addition to these general questions about deformation, a great dea
of attention is being paid to special types of deformation of surfaces

The connection of the intrinsic geometry of a surface with the form of
the surface in space. We already know that certain properties of 3
surface, and of the figures on it, are defined by the intrinsic geometry
of the surface even though these propertics arc very closely related 1o
other properties that depend on how the surface is embedded in the
surrounding space, properties that are, as they say, “extrinsic” to the
surface. For example, the principal curvatures are extrinsic properties of
a surface, but their product (the Gaussian curvature) is intrinsic. Another
example, in order that the principal normal of a curve lying on a surface
should coincide with the normal to the surface, it is necessary and
sufficient that this curve have a property defined by its intrinsic geometry.
namely that it be a geodesic.

Consequently, the intrinsic geometry of a surface will determine its
space form only to a certain extent.

The dependence of the space form of a surface on its intrinsic geometry
may be expressed analytically in the form of equations containing certain
quantities that characterize the intrinsic geometry and certain other
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quantities that characterize the way in which the curved surface is
embedded in space. One of these equations is the formula expressing
the Gaussian curvature in intrinsic terms and is due to Gauss. Two other
such equations are those of Peterson and Codazzi, mentioned in §1.
The equations of Gauss, | Peterson, and Codazzi completely express the

connection between the intrinsic geometry of a surface and the character
of its curvature in space, since all possible interrelations between intrinsic
and extrinsic properties of an arbitrary surface are included, at least in
implicit form, in these equations.

Since the form of a surface in space is not completely defined by its
intrinsic geometry, we naturally ask, What extrinsic properties must still
be assigned in order to determine the surface completely ? It turns out
that if two surfaces have the same intrinsic gecometry and if, at correspond-
ing points and in corresponding directions, the curvatures of the normal
sections of these surfaces have the same sign, then the surfaces are
congruent; that is, they can be translated so as to coincide with each
other. We note that Peterson discovered this theorem 15 years earlier
than Bonnet, with whose name it is usually associated.

Analytic apparatus in the theory of surfaces. The systematic applica-
tion of analysis to the theory of surfaces led to the building up of an
analytic apparatus especially suitable for this purpose. The decisive step
in this direction was taken by Gauss, who introduced the method of
representing surfaces by so-called curvilinear coordinates. This method
is a natural generalization of the idea of Cartesian coordinates on the
plane and is closely connected with the intrinsic geometry of the surface,
for which the presentation of the surface by an equation of the form
= = flx, y) is not convenient. The inconvenience consists of the fact that
the x, y coordinates of a point on the surface change when the surface
is deformed. To eliminate this difficulty, the coordinates are chosen on
the surface itself; they define each point by two numbers w and v, which
are associated with the given point and remain associated with it even
after deformation of the surface. The space coordinates x, y, z of the
point will in each case be functions of ¥ and v. The numbers u« and v
defining the point on a surface are called its curvilinear coordinates.
The choice of name is to be understood as follows: If we fix the value
of one of these coordinates, say v, and vary the other, then we get a
coordinate curve on the surface. The coordinate curves form a curvilinear
net on the surface, similar to the coordinate net on a plane. We note
that the familiar method of describing the position of a point on the
surface of the earth by means of longitude and latitude consists simply of
introducing curvilinear coordinates on the surface of a sphere; the coor-



¢

104 VIL CURVES AND SURFc,,

dinate net in this case consists of circles, namely the meridian, g
parallels® (figure 44). To describe the spatial position of a surfae, y
means of curvilinear coordinates, we need to define the position of eact
point in terms of u and v, for example by giving, as a function of y a4,
the vector r = r(u, v), issuing from some fixed origin to the poipy, o
the surface and called the radius vector of the surface. (This is €Quivaler,
to giving the x, y, and z components 9!’ the vector r as functions o .
and v}t To define a curve lying on a given surface, we need 1o gjy, e
coordinates u, v as functions of one parameter /; then the radius veg;,,
to a point moving along this curve is expressed as a composite funcyj,,

rlu(r), v(n).

For vector functions the concepts of derivative and differential may ,
generalized word for word; from the definition of the derivative a5 the
limit of dr/4t when 41 — 0 (risa function of the parameter 1) it follgy,

Fia. 4. FiG. 45.

= It is characteristic that geographic coordinates and their practical 1pp_bum
were known long in advance of Descartes’ introduction of the usual coordinates
the plane.

+ Of course Gauss did not use vector notation, but defined the three coordinais
x, v, = of the points of the surface separately as functions of  and ¢. Vectors, whih
were introduced as a result of the work of Hamilton and Grassmann, were at first uses
widely in physics and only later (in fact, in the 20th century) became the traditiont
apparatus for analytic and differential geometry.
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at once that the derivative of the radius vector of a curve is a vector
directed along the tangent to the curve (figure 45). For vector functions
the basic properties of ordinary derivatives are still valid; for example,
the chain rule

driu(r), (1)) érdu L érdv

érde _ , 7
dr Zudi TEwd Mt M

where r, and r, are the partial derivatives of the vector function r(u, ).
The length of a curve, as can be shown, is expressed by the integral

s = J VX'H1) + y¥1) + 2’%1) dr.

Thus, the differential of the length of a curve is equal to

ds = VxX'W1) + y'¥t) + Z’Y1) dr.

But since x’(r), (1), and z’(r) are components of the vector dr/dt = r,,
we may write ds = | r, | dt, where | r; | denotes the length of the vector r, .
For curves lying on a surface, we get from (7)

ds = | ryu; + r, v, | dt.

Computing the square of the length of the vector on the right we obtain,
by the rules of vector algebra,*

ds® = [rlu?® + 2r,rouv, + rPu/®] di? .
Passing to differentials and introducing the notation

r} = E(u,v), r,r, = Fu,v), rl = Glu, v),

ds* = Edu® + 2F du dv + G dv*.

We scc that the square of the differential of arc length on a surface is
a quadratic form in the differentials du and dv with coefficients depending
on the point of the surface. This form is called the first fundamental
quadratic form of the surface. Given the coefficients E, F, and G of this

* The square of the length of a vector is the scalar product of the vector with itself,
dmd for scalar multiplication (cf. Chapter 111, §9) the usual rules hold for the removal
brackets.
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form at each point on a surface we may compute the length of any Cune
on the surface by the formula

hy
- j VE? + 2Ry, + Got i,

so that its intrinsic geometry is thereby completely determined.

We show, as an example, how to express angle and area in termg

E, F, and G. Let two curves issue from a given point, one of them Biven
by the equations u = uy(r), v = vy(t) and the other by the equatjoy,
u = ug(f), v = vyft). Then the tangents to these curves are given by the
vectors
du dv.
=gt

oy dy
f.—’.?'{"d,'

The cosine of the angle between these vectors is equal to the scalsr
product ryr, divided by the product of the lengths 7,7,

coiu=i‘£'—
iy
dm. duy dvy | duy dvy ) | dvy doy
rgatla a taa) T

nry

Recalling that ! = E,rp, = F, 1} = G, we get

cosa =

dlll dll‘ d!" dll. dv dpl d]t
ar dr +d: dr-+Ga'r dt
~

, - —
B gp B 4 gl )J (o) i, (B2

To obtain a formula for area, we consider a curvilinear rectangle
bounded by the coordinate curves u = u,, v =1,, U=ty +du
v =ty + dv, and we take as an approximation to it the parallelogram
lying in the tangent plane and bounded by the vectors r, du, r, Jv, tangen!
to the coordinate curves (figure 46). The area of this parallelogram is

+F(
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ds = |re| 7y | du Qv sing, where ¢ is the angle between r, and , . Since
sing = V1 —cos'd, it follows that ds = | r, | |r,| dudo VI —cosd
— VAR —[r, ' |1, Fcos’d dudv. Recalling that r} = E, 7} =G,
ir | 1, cosg =rp, = F, we get ds = V EG — F* du dv. Summing
up the areas of the parallelograms and taking the limit as du, do — 0
we obtain the formula for area § = [[ VEG — F'du dv, where the
integration is taken over the domain D of the variables u and v which
describe the given segment of the surface.

In this way, curvilinear coordinates are very convenient for studying
the intrinsic geometry of a surface.

It also turns out that the manner in which a curved surface is embedded
in the surrounding space can be characterized by a certain quadratic
form in the differentials du, dv. Thus if a is a unit vector normal to the
surface at the point M, and Ar is the increment in the radius vector to

Fia. 46. Fia. 47.

the surface as we move from this point, then the deviation 4 of the surface
from the tangent plane (figure 47) is equal to a-dr. Expanding the incre-
ment dr by Taylor’s formula, we get

h = adr+ $nd'r + e(d® + dv®),

where € — 0 as Vdu® + dv* — 0. Since the vector dr lies in the tangent
plane, we have mdr = 0. The last term, e(du® + dv®) is small in com-
parison with the squares of the differentials du and dv. There remains
the principal term 4ad%. Thus twice the principal part of 4, namely
a d'r, is a quadratic form with respect to du and dv

nd’r: ir.,du'+2lf...d"dﬂ+"ud”’-

This form describes the character of the deviation of the surface from
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the tangent plane. It is called the second fundamental quadraric Sorm
the surface. Its coefficients, which depend on w and v, are usually ‘Vmu:{

ar, =L nr, =M nar,6 =N

Knowing the second fundamental quadratic form, we can copm
the curvature of any curve on a surface. Thus, applying the formy,
k = lim,_, 24/, we obtain the result that the curvature of the p
section in the direction corresponding to the ratio du/dv is equal 1o
_nd'r _ Ldu'+2Mdudy + N dv*

b= G = Fad FFdude + G -

If the curve is not a normal section, then by Meusnier's theorem j; ;
sufficient to divide the curvature of the normal section in the same directjon
by the cosine of the angle between the principal normal to the cyn,
and the normal to the surface.

The introduction of the second fundamental quadratic form provide;
an analytic approach to the study of how the surface is curved in space
In particular, one may derive the theorems of Euler and Meusnier, th,
expressions for the Gaussian and mean curvature, and so forth, in
purely analytic way.

Peterson’s theorem, mentioned carlier, shows that the two quadrayc
forms, taken together, define a surface up to its position in space. s
that the analytic study of any properties of a surface consists of the study
of these forms. In conclusion, we note that the coefficients of the tug
quadratic forms are not independent; the connection mentioned earlicr
between the intrinsic geometry of a curved surface and the way in which
it is embedded in space is expressed analytically by three relations (the
equations of Gauss-Codazzi) between the coefficients of the first and the
second fundamental quadratic forms.

§5. New Developments in the Theory of Curves and Surfaces

% Families of curves and surfaces. Even though the basic theory of
curves and surfaces was to a large degree complete by the muddie of the
last century, it has continued to develop in several new directions, whach
greatly extend the range of figures and properties investigated in cor-
temporary differential geometry. There is one of these development
whose ongins go back 1o the beginning of differential geometry, mame:
the theory of ““families™ or of continuous collections of curves and surfsc.
but this theory may be considered new in the sense that its more profoss
aspects were not investigated until after the basic theory of curves a%
surfaces was already completely developed
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In general a continuous collection of figures is called an n-paramerer
family if each figure of the collection is determined by the values of n
ters and all the quantities characterizing the figure (in respect to
its position, form, and so forth) depend on these parameters in a manner
which is at least continuous. From the point of view of this general
definition, a curve may be considered as a one-parameter family of points
and a surface as a two-parameter family of points. The collection of all
circles in the plane is an example of a three-parameter family of curves,
since a circle in the plane is determined by three parameters: the two
coordinates of its center and its radius,

The simplest question in the theory of families of curves or surfaces
consists of finding the
so-called envelope of the
family. A surface is called
the envelope of a given
family of surfaces if at
each of its points it is
tangent to one of the
surfaces of the family and
is in this way tangent to
every one of them. For
example, the envelope of Fic. 48.

a family of spheres of

equal radius with centers on a given straight line will be a cylinder
(figure 48), and the envelope of such spheres with centers on all points
of a given plane will consist of two parallel planes. The envelope of a
family of curves is defined similar-
ly. Figure 49 diagrams jets of
water issuing from a fountain at
various angles; in any one plane
they form a family of curves,
which may be considered approxi-
mately as parabolas; their enve-
lope stands out clearly as the
general contour of the cascade of
water. Of course, not every family
of curves or surfaces has an enve-
lope; for example, a family of
parallel straight lines does not
have one. There exists a simple
general method of finding the
envelope of any family; for a
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family of curves in the plane this method was given by Leibny,
Every curve is obviously the envelope of its tangents, and in Exacy),
the same way every surface is the envelope of its tangent planes, ng; den!
tally, this fact provides a new mcthqd of defining a curve or 3 !u;fue-
by giving the family of its tangent lines or planes. For some Problep,
this method turns out to be the most convenient. J
Generally speaking, the tangent planes of a surface are differep, R
different points, so that the family of tangents to the surface is °b"iousjl
a two-parameter one. But in some cases, for example, & cylinder, ; j}:
one parameter. [t can be shown that the following remarkable theore,
“holds. A one-parameter family of tangent planes occurs only for thoge
surfaces that are developable into a plane, ie., those in which any
sufficiently small segment may be deformed into a plane segment; thege
_are the developable surfaces noted in §4. Every analytic surface of yy;,
kind consists of segments of straight lines and is either cylindricy)
(parallel straight lines) or conical (straight lines passing through op,
point), or consists of the tangents to some space curve. ‘daf2 4y
The theory of envelopes is particularly useful in engineering problems

for example in the theory of transmissions. We consider two gears 4
and B. To study their motion relatjye
to each other, we may assume thy
gear A is stationary and gear B moves
around it (figure 50). Then the contoy
of a cog on gear B, as it assumes
various positions, traces out a family of
curves in the plane of gear A, and the
contour of gear A must at all times be
tangent to them, ie., must be the
FiG. 50. envelope of the family. Of course, this

js not a complete statement of the

situation, since in an actual transmission this engagement must be
transferred from one pair of cogs to the next, but this condition is never-

theless the basic one which must be satisfied by every type of gear.

As we have said, the question of envelopes is a relatively simple one,
solved long ago, in the theory of families of curves and surfaces. This
theory i just as rich in interesting problems as, let us say, the theory of

4 Surfaces itself, Especially well developed is the theory of “congruences.”
i.¢., two-parameter families of various curves (and in particular of straight
lines: the so-called “straight-line” congruences). In this theory one

{applies essentilly the same methods as in the theory of surfaces

The theory of straight.line congruences originated in the paper of

Monge, “On excavations and fills,” the title of which already shows that

f - i ¢ -_..n' /
vep v Cpep et ja.n (
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Monge undertook the investigation for practical purposes; the main idea
was 10 find the most convenient way of transporting earth from an
excavation to a fill.

The systematic development of the theory of congruences, beginning
in the middle of the last century, is due in large measure to its connection
with geqmetric optics; the set of rays of light in a homogeneous medium
at any time constitutes a straight-line congruence.

Nonregular surfaces and geometry “in the large.” The theory of
curves and surfaces (and of families of them), as it had been constructed
by the end of the last century, is usually called classical differential
geometry; it has the following characteristic features.

First, it considers only “sufficiently smooth™ (i.¢., regular) curves and
surfaces, namely those which are defined by functions with a sufficient
number of derivatives. Thus, for example, surfaces with cusps or edges,
such as polyhedral surfaces or the surface of a cone, are either excluded
from the argument or are considered only on the parts where they remain
smooth.

Second, classical differential geometry pays especial attention to
properties of sufficiently small segments of curves and surfaces (geometry
“in the small”) and nowhere considers properties of an entire closed
surface (geometry “in the large"”).

Typical examples, illustrating the distinction between geometry “in the
small” and “in the large” are provided by the deformation of surfaces.
For example, already in 1838 Minding showed that a sufficiently small
segment of the surface of a sphere can be deformed, and this is a theorem
“in the small.” At the same time, he expressed the conjecture that the
entire sphere cannot be deformed. This theorem was proved by other
mathematicians as late as 1899. Incidentally, it is easy to confirm by
experiment that a sphere of flexible but inextensible material cannot be
deformed. For example, a ping-pong ball holds its shape perfectly well
although the material it is made from is quite flexible. Another example,
mentioned in §4, is the tin pail; it is rigid in the large, thanks to the presence
of a curved flange, but separate pieces of it can easily be bent out of
shape. As we see, there is an essential difference between properties of
surfaces “in the small” and “in the large.”

Other characteristic examples are provided by the theory of geodesics,
discussed in §4. A geodesic “in the small,” i.e., on a small segment of
the surface, is a shortest path, but “in the large” it may not be so at all;
for example, it may even be a closed curve, as was pointed out earlier
for great circles of a sphere.

The reader will readily note that the theorems on geodesics formulated
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in §4 are basically theorems “in the small.” Questions on the behavi,,
of geodesic curves throughout their whole course will belong to geome r
“in the large.” It is known, for example, that on a regular surface ,,:y
sufficently adjacent point can be joined by a unique geodesic, remain;.
eatiely n  certain smal eighborhood of two points. But if we congigy
mthatduriug&nirmummyd:pmufarlswlikcrmm
the two points, then by a theorem of Morse any pair of points on
closed surface may be joined by an infinite number of geodesics. Th :
two paints A and B on the lateral surface of a curved cylinder g, .
joined by very different geodesics: it is sufficient to consider helices .,L:
run from A to B but wind around the cylinder a different number o
umes.Thclhemmoaniwﬁonclondrodeda,mtedingsof
Chapter XVIII, and proved by Ljusternik and Snirelman, also belongy
to geometry “in the large.”

The proofs for these theorems, as for many theorems of geometry
“in the large, " were inaccessible with the usual tools of classical differenti
geometry and required the invention of new methods.

When these problems of geometry “in the large” were inevitabjy
attracting the attention of mathematicians, the restriction to reguly,
surfaces could no longer be maintained, if only because we are continually
encountering surfaces that are not regular but have discontinuous cyry,.
ture; for example, convex lenses with a sharp edge, and so forth. Moreover
there are many analytic surfaces that cannot beextendedinanyumni
way without acquiring “singularities” in the form of edges or cusps ang
thus becoming nonregular.

Thus, a segment of the surface of a cone cannot be extended in a natura
way without leading (o the vertex, a cusp where the smoothness of the
surface is destroyed.

This last result is only a particular case of the following remar
theorem. Every developable surface other than a cylinder will ludhh:'
muudad,mtnedg(mampintheuu of a cone) bcyc;nd
which it cannot be continued without losing its regularity.

_Thus there is a profound connection between the behavior of a surface
“in the large” and its singularities. This is the reason why the solution
of problems “in the large” and the study of surfaces with “singularities”
(edges, cusps, discontinuous curvature and the like) must be worked out
together,

Sm new directions were taken in analysis. For example, the
qualitative theory of differential equations mentioned in §7 of Chapter V,
m‘: m :!:sohnmm of a dlﬂ'mnml equation in its entir
csingubcion” | £ |F the large, p.,m pmcuhr ;won fo

Le., 10 violations of regularity, and to singular points of

.
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the equation. Moreover, contemporary analysis includes the study of
nonregular functions which did not occur in classical analysis (cf. Chapter
XV) and thereby provides geometry with a new means of studying more
general surfaces. Finally, in the calculus of variations, where we are
usullly looking for curves or surfaces with some extremal property, it
sometimes happens that the limit curve, for which the extreme is attained,
is not regular. For such problems it is necessary that the class of curves
or surfaces under consideration should be closed (that is, should include
all its limit curves or surfaces), a fact which necessarily led to the study
of at least the simplest nonregular curves and surfaces. In a word, the
new directions taken by geometry did not originate in isolation but in
close connection with the whole development of mathematics.

The turning of attention to problems “in the large™ and nonregular
surfaces began about 50 years ago and was shared by many mathemati-
cians. The first essential step was taken by Hermann Minkowski (1864-
1909), who laid the foundation for an extensive branch of geometry, the
theory of convex bodies. Incidentally, one of the questions which started
Minkowski on his investigations was the problem of regular lattices,
which is closely connected with the theory of numbers and geometric
crystallography.

A body is called convex if through each point of its surface we may
pass a plane that does not intersect the body, i.e., at any point of its
surface the body may rest on a plane (figure 51). A convex body is defined

Fic. 51.

by its surface alone, so that for the most part it makes no difference
whether we speak of the theory of convex bodies or of closed convex
surfaces. The general theorems on convex bodies are proved, as a rule,
without any additional assumptions about the smoothness or “‘regularity”
of their surfaces. Thus these theorems are usually concerned with the
whole convex body or surface, so that the restrictions of classical dif-
ferential geometry are automatically removed. However, the two theories



(of convex bodies and of nonregular surfaces) were at first very litje
connected with each other, the combination of the two taking Place
considerably later.

Beginning in 1940, A. D. Aleksandrov developed the theory of
curves and surfaces, including both the regular surfaces of Classicy
differential geometry and also such nonsmooth surfaces as polyheg
arbitrary convex sets, and others. In spite of the great generality ofu:'
theory, it is chiefly based on intuitive geometric concepts and Mhodl
although it also makes essential use of contemporary analysis. Ope .
the basic methods of the theory consists of approximating general Iurf.;:
by means of polyhedra (polyhedral surfaces). This device in its simpjey,
form is known to every schoolboy, for example, in computing the e
of the lateral surface of a cylinder as the limit of the areas of prigm,
In & number of cases the method produces strong results that eithe,
cannot be derived in another way or else, if they are to be proved by an
analytic method, require the introduction of complicated ideas. |y
essential feature consists of the fact that the result is first obtained fo,
polyhedra and is then extended to general surfaces by a limit proces;

One of the beginnings of the theory of general convex surfaces wy,
the theorem on the conditions under which a given evolute (cf. figure )

may be pasted together

to form a convex poly.

completely elementary i

its formulation, has ,

nonelementary proof and

leads to far-reaching cor.

ollaries for general cop.

vex surfaces. The reader

is, of course, familiar with

R ";, the pasting together of 5

SN polyhedral surface from

¢ || segments; for exampie,

U the assembling of a cube

RN from the cross-shaped

pattern in figure 52, or

Fic. 82 of a cylinder from a rec-

7 tangle and two circles.

This sn:dpk example of assembling surfaces from segments of them is

converted 1nto a general method of “cutting apart and pasting t

which has produced profound results in various questj:?:?mry
of surfaces and has found practical applications.

—— e

. 48
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Deep-lying results in this theory were obtained by A. V. Pogorelov.
In particular, he showed that every closed convex surface cannot be
deformed as a whole with preservation of its convexity. This result,
achieved in 1949, completes the efforts of many well-known mathemati-
cians, who for the preceding 50 years had tried to prove it but had been
successful only under various additional hypotheses. The results of
Pogorelov, in conjunction with the “method of pasting together,” not
only provided a complete solution for the problem, but almost completely
cleared up the whole question of the deformability or nondeformability
of closed and nonclosed convex surfaces. They also established a
close connection between the new theory and ‘“classical” differential

In this way a theory of surfaces was constructed that included the
classical theory as well as the theory of polyhedra, of arbitrary convex
surfaces, and of very general nonconvex surfaces. Lack of space does
not allow us to discuss in detail the results or the still unsolved problems
of the theory, although this could readily be done, since they are for
the most part quite easily visualized and, in spite of the difficulty of
exact proofs, do not require any special knowledge.

In §4, in speaking of the deformation of surfaces, we had in mind
deformations of a regular (continuously curved) surface that preserved
jts regularity. But in the theorem of Pogorelov, on the contrary, there
is no requirement of regularity for either the initial or the deformed
surface, although the requirement of comvexity is imposed on both
surfaces.

It is obvious that deformation of a sphere, for example, becomes
possible if we allow breaks in the surface and violation of the convexity.
It is sufficient to cut out a segment of the surface and then replace it
after the deformation; that is, so to speak, to push a segment of the
surface into the interior. Considerably more unexpected is the result
mewmmmmudmuuhmmnmh
mathematician Kuiper. They showed that if we preserve only the smooth-
ness of a surface and allow the appearance of any number of sharp jumps
in the curvature of the surface (ie., if we climinate any requirement of
continuity, boundedness, or even existence of the second derivatives of
the functions defining the surface) then it turns out to be posslbk to
deform the surface as a whole with a very great degree of arbitranness.
In particular & sphere may be deformed into an arbitrarily small ball,
which has a smooth surface consisting of very shallow wavelike creases.
Some idea of a deformation of this sort may be gained by the easily
mmagined possibility of rumpling up into almost any shape a spherical
cover made of very soft cloth. On the other hand, a small celluloid ball



behaves very differently. The elastic material of its surface resisy noy Segpusied Rending
only extension but also sharp bending, so that such a ball is very rigid
Differential geometry of various groups of transformations, A, the
beginning of this century, there arose from classical differential geomey
a series of new developments based on one general idea, namely the study

) H. Busemann, Convex surfaces, Interscience, New York, 1958.

| JH S M Coxeter, Introduction 1o geometry, Wiley, New York, 1961.

| H. G. Eggleston, Convexiry, Cambridge University Press, New York, 1958,

, D. Hilbert and S. Cohn-Vossen, Geometry and the imagination, Chelsea, New

of properties of curves, surfaces, and families of curves and surfaces which York, 1952.
remain invariant under various types of transformations. Classic| 1. M. Yaglom and V. G. Boltyanskil, Convex figures, Holt, Rinehart and
differential geometry investigated properties invariant under translation Winston, New York, 1961,

but of course there is nothing to prevent us from considering othe, -
geometric transformations. For example, a projective transformayion .,/
one in which straight lines remain straight, and projective geometry,
which has been in existence for a long time, studies those properties of
figures that remain invariant under projective transformations. Ordinary
projective geometry remains similar, in the problems it investigates, 1o

the usual elementary and analytic geometry, whereas “projective dif.
ferential geometry” (the theory of curves, surfaces, and families developeg

at the beginning of the present century) is similar to classical differentia|
geometry, except that it studies properties that are invariant under
projective transformations. Fundamental in this last direction were the
contributions of the American Wilczynski, the Italian Fubini, and the
Czech mathematician, Cech. <4 =~ 1

In the same way arose “affine differential geometry,” which studies
the properties of curves, surfaces, and families invariant under affine
transformations, i.e., under transformations that not only take straight
lines into straight lines but also preserve parallelism. ‘The work of the
German mathematician Blaschke and his students developed this branch
of geometry into a general theory. Let us also mention “conformal
geometry,” in which one studies the properties of figures invariant under
transformations that do not change the angles between curves.

In general, the possible “geometries” are very diverse in character,
since essentially any group of transformations may serve as the basis of
a “geometry,” which then studies just those properties of figures that
are left unchanged by the transformations of the group. This principle
for the definition of geometries will be discussed further in Chapter XVII

Other new directions in differential geometry are being successfully
developed by Soviet geometers, S. P. Finikov, G. F. Laptev, and others
But in our present outline it is not possible to give an account of all
the various investigations that are taking place nowadays in the different
branches of differential geometry.
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